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We use an exact quantum phase model to study the dynamical generation of particle-entanglement in a bosonic
Josephson junction composed by two coupled and interacting Bose-Einstein condensates. Using analytical argu-
ments, we show that linear coupling can accelerate the creation of entanglement with respect to the well known
one-axis twisting model where coupling is absent. Furthermore, with a numerical analysis of optimal control
schemes, we identify the optimal parameters for the fast generation of metrologically useful entanglement on
short time scales: the optimal evolution is generated for a specific ratio between the coupling and the interaction
strength.
I. INTRODUCTION
The generation of multiparticle entanglement in ultracold
atomic gases is a vivid area of research. Besides the founda-
tional interest, multiparticle entanglement can find important
applications in quantum metrology [1]. For this purpose, it
is desirable to develop protocols creating entanglement on the
fastest possible time scales. One of the most successful proto-
cols for the dynamical creation of multiparticle entanglement
is one-axis twisting – originally proposed by Kitagawa and
Ueda [2] for spin-1/2 particles. For ultracold atomic gases, it
corresponds to the unitary evolution e−iHˆOATt/~ generated by
the quadratic Hamiltonian HˆOAT = ~χJˆ2z , which expresses
the action of elastic particle-particle collisions of strength
~χ [3]. Here, Jˆx = (aˆ†bˆ + bˆ†aˆ)/2, Jˆy = (aˆ†bˆ − bˆ†aˆ)/(2i),
and Jˆz = (aˆ†aˆ − bˆ†bˆ)/2 are pseudo-spin operators satisfy-
ing the commutation relation [Jˆl, Jˆn] = i
∑
m lnmJˆm, where
lnm is the Levi-Civita symbol, and aˆ (aˆ†) and bˆ (bˆ†) are
bosonic mode annihilation (creation) operators. The genera-
tion of entanglement via one-axis twisting dynamics has been
realized experimentally with Bose-Einstein condensates [4–8]
and cold thermal atoms [9]. In the latter case, off-resonant
atom-light coupling in an optical cavity is used to realize
an effective atom-atom interaction [10, 11]. The physics of
the one-axis twisting model is enriched when the quadratic
Hamiltonian, responsible for the twisting, competes with a
linear coupling terms between the two modes that turns the
state along an orthogonal direction
Hˆ = ~χJˆ2z − ~ΩJˆx. (1)
This Hamiltonian describes a bosonic Josephson junction
(BJJ) made of two weakly-coupled and interacting Bose-
Einstein condensates in the presence of an external field of
strength ~Ω [12–16]. The model (1) can be realized in a
physical system employing either external (e.g. a double-
well trapping potential) or internal (e.g. two hyperfine atomic
states) degrees of freedom of an atomic Bose-Einstein con-
densate [1]. The dynamics generated by Hˆ is particularly
interesting when the coherent spin state is prepared in cor-
respondence to the mean-field unstable fixed point [17–20].
The dynamical evolution within the model (1) has also been
explored for the generation of spin-squeezed states via short-
cuts to adiabaticity [21] and catlike states by optimal control
methods [22]. In recent experiments [23] it has been shown
that the twist-and-turn dynamics generates entanglement on a
rate faster than the one-axis twisting dynamics, even for short
times.
Here we study the BJJ dynamics within the exact quan-
tum phase model (EQPM) discussed in Ref. [24], see also
[25], and use the quantum Fisher information and the spin-
squeezing parameter as entanglement witness. Our analysis
extends previous results for the BJJ dynamics studied in the
weak interaction limit [26] or short time scales [27]. We show
that, for sufficiently long times, there is a substantial differ-
ence with the one-axis twisting dynamics, and provide opti-
mal values of the ratio Λ = Nχ/Ω for fast creation of en-
tanglement. Our results provide an analytical understanding
of experimental observations [20, 23]. Finally, we provide
numerical evidence for the optimality of the working point
Λ = 2 for fast entanglement generation on relatively short
time scales by comparing to arbitrary dynamical processes of
the bosonic Josephson junction. The approximations used to
solve the EQPM dynamics fail in the long-time limit where
the system shows the onset of a Schro¨dinger cat state [19].
The manuscript is organized as follows. We first introduce,
in Sec. II, the EQPM and the relevant multi-particle entan-
glement witnesses. In section III we present the dynamical
generation of entanglement when the initial state is a coher-
ent spin state pointing in the negative direction of the x-axis
of the Bloch sphere. This situation corresponds to the unsta-
ble regime of the mean field dynamics and it is the working
condition of recent experiments [20, 23]. In Sec. IV we draw
a direct comparison with the one-axis twisting dynamics. In
Sec. V we compare with the analysis of the dynamical gen-
eration of entanglement when the system is prepared in a co-
herent spin state pointing in the positive x-axis of the Bloch
sphere, corresponding to the the fixed stable point of the mean
field dynamics. Finally, in Sec. V we discuss optimality of the
unstable BJJ dynamics.
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Figure 1. (color online) Effective phase potential V (φ) (solid lines),
Eq. (5) normalized by N in the limit N  1. Different lines refer to
different values of Λ: the red line is for Λ = 0.5 while the blue one is
for Λ = 1.5. Dashed lines are the harmonic oscillator approximation
in the nearby of φ = 0 and φ = pi.
II. TWO-MODE DYNAMICS OF INTERACTING BOSONS
A. Exact quantum phase model
The Schro¨dinger equation i~∂|ψ(t)〉∂t = Hˆ|ψ(t)〉 describ-
ing the dynamics of the many-body state |ψ(t)〉 can be stud-
ied within the EQPM [24]. It consists in expanding a general
quantum state of the two-mode system,
|ψ(t)〉 =
∫ pi
−pi
dφ
2pi
Ψ(φ, t)|φ〉, (2)
on the overcomplete set of Bargmann states [28]
|φ〉 =
N/2∑
n=−N/2
einφ√(
N
2 + n
)
!
(
N
2 − n
)
!
∣∣∣N
2
+ n
〉
a
∣∣∣N
2
− n
〉
b
.
Here |N/2+n〉a|N/2−n〉b indicates a Fock state ofN/2+n
particles in mode a and N/2 − n particles in mode b, where
N is the total number of particles. In this representation we
can express the action of spin operators on the state |ψ〉 in
terms of differential operators acting on Ψ(φ, t): explicit ex-
pressions for the first and second moments of the spin opera-
tors are reported in the Appendix A. Introducing the function
ψ(φ, t) = Ψ(φ, t)e−
N
2Λ cosφ, we can write the Hamiltonian
(1) as [24]
Hˆ|ψ(t)〉 =
∫ pi
−pi
dφ
2pi
[Hφψ(φ, t)] e
N
2Λ cosφ|φ〉 (3)
where Λ = NχΩ is the ratio between interaction and tunneling.
In the following we focus on the case of repulsive interaction
Λ > 0. Our analysis generalizes to attractive interaction Λ <
0 via the mapping t→ −t and φ→ φ+pi. It should be noticed
that the EQPM (3) is exact for any number of particles. The
HamiltonianHφ is given by
Hφ = Ω
(
− Λ
N
∂2
∂φ2
+ V (φ)
)
. (4)
where
V (φ) = −
(
N + 1
2
)
cosφ− N
8Λ
cos 2φ (5)
is an effective potential. The time evolution of the system can
thus be mapped on the dynamics of a fictitious wave-packet,
i~
∂ψ(φ, t)
∂t
= Hφψ(φ, t), (6)
evolving in the potential V (φ). In Fig. 1 we show V (φ) for
different values of Λ. While the potential is always confining
in the vicinity of φ = 0, close to φ = pi the potential V (φ)
becomes a repulsive inverted parabola when Λ > N/(N +
1). The different behavior of the effective potential close to
φ = 0 and pi has direct implications in the creation of many-
particle entanglement, as discussed below. In particular, we
study the phase dynamics of a Gaussian wave function ψ(φ, t)
centered in φ = 0 or pi. Details on the use of the Gaussian
approximation and on the computation of relevant expectation
values can be found in Appendix B.
As a main drawback of the EQPM, the Bargmann basis is
overcomplete, which makes the calculation of expectation val-
ues of a generic observables Aˆ
〈ψ|Aˆ|ψ〉 =
∫ pi
−pi
dθ
2pi
∫ pi
−pi
dφ
2pi
Ψ(θ, t)∗A(φ, t)Ψ(φ, t)〈θ|φ〉,
(7)
and the inner product
〈ψ|ψ′〉 =
∫ pi
−pi
dθ
2pi
∫ pi
−pi
dφ
2pi
Ψ(θ, t)∗Ψ′(φ, t)〈θ|φ〉, (8)
non-local in phase, with the non standard inner product
〈θ|φ〉 = (2N/N !) cosN [(θ−φ)/2]. This term is crucial to cut
Fourier contributions with frequency smaller than 1/N . In the
following, we will use the approximation cosN [(θ − φ)/2] ∼
exp[−N(θ − φ)2/8]. The factor e N2Λ cosφ in Eq. (3) is im-
portant to obtain the correct dynamics. It can be conveniently
approximated as e−
N
4Λφ
2+ N2Λ in the vicinity of φ = 0 and as
e
N
4Λ (φ−pi)2− N2Λ around φ = pi. Both these approximations are
justified by the fact that we are working with Gaussian wave
packets that are localized in φ.
In a previous work [25], the EQPM has been used to study
the ground state of Eq. (1) for repulsive interaction. Here we
consider the dynamical generation of entanglement starting
from separable states
|ϑ, ϕ〉N =
(
aˆ† cos
ϑ
2
+ bˆ†eiϕ sin
ϑ
2
)N
|vac〉, (9)
where |vac〉 is the vacuum. Eq. (9) is generally in-
dicated as coherent spin state (CSS) [29] and is given
by all N qubits pointing along the same direction s =
{sinϑ cosϕ, sinϑ sinϕ, cosϑ} (called the mean spin direc-
tion) in the Bloch sphere, where 0 ≤ ϑ ≤ pi and−pi ≤ ϕ < pi.
The CSS has collective spin mean values 〈Jˆs〉 = N/2 and
〈Jˆ⊥〉 = 0, and variances (∆Jˆs)2 = 0 and (∆Jˆ⊥)2 = N/4,
3where ⊥ indicates an arbitrary direction orthogonal to the
mean spin direction.
It is worth recalling that there are alternative approaches to
the EQPM to study Eq. (1), besides (numerical) exact diago-
nalization. A well explored method is a semiclassical approx-
imation in number space [27, 30, 31].
B. Entanglement, spin-squeezing and quantum Fisher
information
To witness and quantify the creation of particle entangle-
ment we calculate the spin-squeezing parameter
ξ2 =
N(∆Jˆn3)
2
〈Jˆn1〉2
(10)
and the quantum Fisher information (QFI) [32, 33], which for
pure states is given by
FQ[Jˆn2 ] = 4(∆Jˆn2)
2, (11)
where n1, n2 and n3 are three mutually orthogonal directions.
The criteria [34]
ξ2 < 1 (12)
and [35]
ζ2 =
N
FQ[Jˆn2 ]
< 1. (13)
are sufficient conditions for entanglement between the N par-
ticles, and can be extended to witness k-partite entangle-
ment as ζ2 < 1/k (and the same for ξ2) [36]. They have
an operational significance. Eq. (12) recognizes all entan-
gled spin-squeezed states that can be used to sense a rota-
tion e−iθJˆn with a sensitivity overcoming the shot-noise limit
∆θ = 1/
√
mN , where m accounts for the repetition of inde-
pendent measurements. Since the highest attainable interfero-
metric phase sensitivity is limited by the quantum Crame´r-Rao
lower bound, ∆θQCR = 1/
√
mFQ[Jˆn2 ] [32, 33], Eq. (13) de-
tects all the entangled states that can be used to overcome the
shot-noise limit when sensing the rotation e−iθJˆn2 . In partic-
ular, the inequality
ζ2 ≤ ξ2 (14)
holds [35] and thus the QFI recognizes the full class of states
(including the spin-squeezed ones) containing useful entan-
glement to overcome the shot-noise limit. The highest value
of the QFI is FQ[Jˆn2 ] = N
2, which corresponds to the
so called Heisenberg limit of phase sensitivity, ∆θHL =
1/
√
mN , representing the ultimate bound for phase estima-
tion [37].
In the following we compute ξ2 and ζ2 for initial CSS
pointing on the x-axis and evolving according to Eq. (1).
These states are characterized by 〈Jˆz〉 = 〈Jˆy〉 = 0 at all
times. Therefore, the optimal spin-squeezing and QFI are ob-
tained by minimizing (for ξ) or to maximizing (for ζ) the spin
variance on the y − z plane. This is done by computing the
eigenvalues
λ± =
1
2
[
γzz + γyy ±
√
(γzz − γyy)2 + (2γyz)2
]
. (15)
(with λ+ > λ−) of the renormalized covariance matrix
γij =
2〈{Jˆi, Jˆj}〉
N
, (16)
where i, j = y, z, and the curly brackets stand for the anti-
commutator between the two angular momenta. Note that
γzz = 4(∆Jˆz)
2/N and γyy = 4(∆Jˆy)2/N . The optimal
values of ξ2 and ζ2 are thus given by
ξ2opt =
N2λ−
4〈Jˆx〉2
, and ζ2opt =
1
λ+
. (17)
III. ENTANGLEMENT GENERATION AROUND φ = pi
We focus here on the generation of entanglement starting
from the CSS
|pi/2, pi〉N =
(
aˆ† − bˆ†√
2
)N
|vac〉, (18)
polarized along the negative x-axis (i.e., the eigenstate of Jˆx
with minimum eigenvalue −N/2) and following a quench of
Λ. For φ ≈ pi, Eq. (4) becomes the Hamiltonian of a harmonic
oscillator of squared frequency
ω2pi
Ω2
= 1− Λ
(
1 +
1
N
)
. (19)
Eq. (19) is positive [corresponding to a confining effective po-
tential V (φ)] for Λ < N/(N+1) and negative [corresponding
to a repulsive V (φ)] for Λ > N/(N + 1), see Fig. (1). The
change of sign of ω2pi is directly linked to the onset on instabil-
ity of the corresponding mean-field fixed point [17, 18]. We
further define ωpi =
√|ω2pi|.
The exact representation of the coherent states (18) in the
EQPM is a Dirac delta, but for the calculation it is conve-
nient to consider a Gaussian wave function. We initialize the
EQPM dynamics with the Gaussian ground state of Eq. (4)
with an initial interaction parameter Λ0 6= 0. We then quench
Λ to a final constant value, and compute the evolution of the
wavefunction
Ψ(φ, t) = e−[api(t)+ibpi(t)](φ−pi)
2
. (20)
The Schro¨dinger equation (6) provides
api(t) =
Nω2pi
2Λ2 αpi
ω2pi
Λ2 + α
2
pi +
(
ω2pi
Λ2 − α2pi
)
cos(2ωpit)
− N
4Λ
, (21a)
bpi(t) = −Nωpi
4Λ
(
ω2pi
Λ2 − α2pi
)
sin(2ωpit)
ω2pi
Λ2 + α
2
pi +
(
ω2pi
Λ2 − α2pi
)
cos(2ωpit)
, (21b)
4ωπ t =
π
8
ωπ t =
π
4
ωπ t =
π
2
ωπ t =
3π
4
-1 0 1 2 3 
Figure 2. (color online) Wigner distributions (normalized to one) of
the states obtained from the dynamical evolution of Eq. (18) in the
case Λ = 0.5 (left column) and Λ = 2 (right column). Different
rows correspond to different evolution times. The thick white line is
the separatrix of the mean-field dynamics. Here N = 30.
with αpi =
( 1+ωpi(Λ0)
Λ0
+ 1Λ
)
and ωpi(Λ0) is the frequency
Eq. (19) computed with an interaction parameter Λ0. Finally,
in order to compute the dynamics of an initial CSS [Eq. (18),
corresponding to Λ0 = 0), mean spin moments are calculated
taking the limit Λ0 → 0, see further discussion in Appendix B.
We also consider N  1 and neglect terms of the order 1/N .
We emphasize that, within the approximation (20), we cannot
distinguish between the QFI and spin-squeezing: ζ2opt = ξ
2
opt
in our analytical calculations.
Stable regime, Λ < N/(N + 1). In the stable regime, the
dynamics is characterized by a periodic generation of phase
squeezing. Fig. 2 (left column) shows the Wigner distribution
on the Bloch sphere [38] plotted at different evolution times.
The initial isotropic Wigner distribution of the CSS deforms in
time, becoming elliptic and reaching its maximum squeezing
along the y-axis (phase squeezing, see below). A calculation
of Eq. (16) with the Gaussian state (20) gives (after taking the
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Figure 3. (color online) Time evolutions of ζ2opt (red points) and
ξ2opt (blue triangles) optimized over collective spin directions and
computed via exact numerical calculation. The solid red line is the
analytical result for ζ2opt in the Gaussian approximation. The two
panels are obtained for different values of Λ and N = 200, with the
initial state Eq. (18).
limit Λ0 → 0)
γzz =
1
2(Λ− 1) (Λ + Λ cos 2ωpit− 2) , (22a)
γyy =
1
2
(2− Λ + Λ cos 2ωpit) , (22b)
γyz = γzy = − 2Λ√
1− Λ sin 2ωpit, (22c)
and
2〈Jˆx〉
N
= −1 + 1
4N
Λ2
Λ− 1 (cos 2ωpit− 1) . (23)
These expectation values are used to calculate ζ2opt. In Fig. 3
we show ζ2opt as a function of time and we compare them with
the numerical results obtained from the exact diagonalization
of Eq. (1). The upper panel is obtained for Λ = 0.5 and
shows periodic oscillations of ξ2opt and ζ
2
opt. Indeed, a non-
zero value of the non-diagonal terms of the covariance matrix
γyz varying in time implies that ξ2opt and ζ
2
opt are minimized
along a direction in the y-z plane that varies during the evo-
lution. For values of Λ sufficiently far from the critical value
Λ = N/(N+1) ≈ 1, our Gaussian approximation (20) repro-
duces numerical results well. We find a periodic generation
of entanglement [26], see Fig. 3, with minima at 2ωpit = npi,
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Figure 4. (color online) Comparison between the minima (in time)
of ζ2opt (red dots) and ξ2opt (blue triangles) computed numerically
and the analytical prediction Eq. (24) (black line). The inset is a
zoom around Λ = 1. The horizontal red line is the Heisenberg limit
ζ2 = 1/N . Here N = 200.
with n an integer number, reaching a minimum value (in time)
of
ζ2min = 1− Λ. (24)
As expected, due to the relative weak nonlinearity, we obtain
a modest generation of entanglement. Approaching Λ = 1
the Gaussian approximation reproduces the numerical find-
ings only for very short times t  pi/ωpi , where ξ2opt ' ζ2opt,
as shown in the lower panel of Fig. 3. For longer times, an-
harmonic effects in the potential V (φ) become important and
cause damping of the oscillations of ξ2opt and ζ
2
opt that is not
captured by the Gaussian approximation.
In Fig. 4 we plot the minimum values in time of ξ2opt and
ζ2opt as a function of Λ. The solid line is Eq. (24), while sym-
bols are numerical results. We see that the maximal genera-
tion of entanglement depends on Λ and Eq. (24), predicting an
unphysical ζ2min → 0 for Λ → 1 and finite N (which corre-
sponds to a diverging QFI), fails when approaching the critical
value. The region where our approximation predicts the cor-
rect minima increases with the number of particles.
Unstable regime Λ > N/(N + 1). In the unstable regime,
the quantum dynamics of the initial CSS (18) is quite differ-
ent from the stable one. As shown in the right column of
Fig. (2) for Λ = 2, the initial CSS symmetric Wigner distribu-
tion evolves quickly in a highly asymmetric ellipse, stretching
along the separatrix of the mean-field dynamics. This highly
squeezed distribution leads us to expect a stronger generation
of metrologically useful entanglement with respect to the sta-
ble regime. For long times the state wraps around the mean-
field fixed points at φ = pi and 2〈Jˆz〉/N = ±
√
1 + 1/Λ2 and
large negative values of the Wigner function are obtained. In
the unstable regime, the phase potential V (φ) is non-confining
and the harmonic approximation is appropriate for relatively
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Figure 5. (color online) Time evolution of ζ2opt (red dots) and ξ2opt
(blue triangles) compared to the analytical approximation for ζ2opt
(red line). The green dashed line and the orange line are respectively
ξ2opt and ζ2opt for the one-axis twisting dynamics. Here N = 200.
short times. We find
γzz =
1
2(Λ− 1) (Λ + Λ cosh 2ωpit− 2) , (25a)
γyy =
1
2
(2− Λ + Λ cosh 2ωpit) , (25b)
γyz = γzy = − 2Λ√
1− Λ sinh 2ωpit, (25c)
and
〈Jˆx〉
N/2
= −1 + 1
4N
Λ2
Λ− 1 (cosh 2ωpit− 1) . (26)
The exponential time dependence of the matrix elements of
γij implies a fast generation of entanglement. It should be no-
ticed that Eqs. (25) and (26) agree with those presented in [27]
and obtained with a different method (in number space [30])
involving approximations similar to ours.
In Fig. 5 we plot the analytical ζ2opt (red line) compared
with the results of QFI (red dots) and spin squeezing (blue tri-
angles) obtained from the exact numerical solution of Eq. (1).
The spin-squeezing parameter decreases until it reaches a
minimum and then it starts growing: the quantum dynam-
ics features a loss of spin-squeezing at relatively long times
(ωpit ≈ pi/2) that is associated to the wrapping of the state
[20] and, equivalently, the onset of strongly negative parts
of the Wigner function, as shown in Fig. 2. In contrast,
ζ2opt keeps decreasing even after the spin-squeezing parameter
reaches a minimum. The QFI is a more powerful witness of
entanglement in this case [20]. The analytical findings repro-
duce the short time dynamics quite well. The natural question
is: how long does this agreement occur?
Let us expand the ζ2pi ≡ ζ2opt in Taylor series for short time
ζ2pi = 1−Nχt+
N2χ2
2
t2 − N
3χ3
8
t3 − 1
6
(Λ2 − Λ)Ω3t3
+
1
6
(Λ3 − Λ2)Ω4t4 +O(Nχt)5, (27)
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Figure 6. Panels (a), (b) and (c) show a comparison between the
analytical (solid line) and the numerical (dots) values of pn, with n =
1, 2, 3 respectively, as a function of Λ. Here, pn is the coefficient of
order n in Nχt in the Taylor series of ζ2 divided by Ωn. Lines are
obtained from Eq. (27): here p2 = Λ
2
2
, p3 = −Λ38 − Λ
2
6
+ Λ
6
and
p4 =
1
6
(Λ3 − Λ2). Dots are obtained from a polynomial fit of ζ2
calculated with exact numerical diagonalization for N = 200. In
panel (d) we show the ratio between the third order coefficient of the
power series of ζ2pi and of ζ2OAT. Dots are numerical results and the
line is Eq. (32).
where Ω . Nχ. In Ref. [27] it was argued that only the lin-
ear term in Eq. (27) is accurate. Figure 6 shows that retaining
only the linear term is overly conservative. There, we plot
the coefficients of the Taylor expansion (27) in comparison
with those of a polynomial fit of the exact numerical result
for Eq. (1). We find an extremely good agreement, even for
relatively large values of Λ, up, at least, to the fourth order in
Nχt. The disagreement between the numerics and the analyt-
ical coefficients of the Taylor expansion is of the order 1/N
that, as discussed above, is the accuracy of our approxima-
tions. As we will show below, retaining higher-order terms
in the Taylor expansion allows us to uncover the difference
between the unstable dynamics and the one-axis twisting dy-
namics (i.e. Ω = 0). The two processes coincide up to lin-
ear [27] and quadratic order, whereas the faster entanglement
generation of the unstable dynamics can be observed in terms
of third and fourth order.
IV. COMPARISONWITH THE ONE-AXIS TWISTING
DYNAMICS
For the one-axis twisting evolution of an initial coherent
spin state on the equator of the Bloch sphere, |pi/2, ϕ〉N exact
analytical results are available [2]. In particular
〈Jˆx〉
N/2
= cosN−1
(
χt
2
)
, (28)
and
λ± = 1 +
1
4
(N − 1)
[
A±
√
A2 +B2
]
, (29)
where A = 1 − cosN−2 (χt) and B =
4 sin
(
χt
2
)
cosN−2
(
χt
2
)
. From these equations we can
readily obtain the optimized QFI ζ2OAT, using Eq. (17).
Expanding in Taylor series, we obtain
ζ2OAT = 1−Nχt+
N2χ2t2
2
− N
3χ3t3
8
+O(Nχt)5. (30)
A direct comparison between Eq. (27) and Eq. (30) shows that
unstable dynamics and one-axis twisting produce, up to sec-
ond order in Nχt, the same amount of useful entanglement.
The leading difference appears in the third-order term:
ζ2OAT − ζ2pi =
1
6
(
Λ2 − Λ)Ω3t3 +O(Nχt)4, (31)
which is larger than zero for all Λ > 1. We also notice that
the fourth-order term in Nχt is missing in Eq. (30), while
it is present in Eq. (27) and, being negative, it contributes to
the generation of entanglement. We thus conclude that for
relatively short times (up to O(Nχt)5, at least), the unstable
regime of the BJJ dynamics produce more entanglement than
one-axis twisting. This provides an analytical explanation of
the recent experimental findings of Ref. [20, 23]. The value
of Λ for which the generation of entanglement is the fastest
can be obtained considering the ratio between the third-order
coefficients in the power series of ζpi and ζOAT:
R = 1 +
4
3
(
1
Λ
− 1
Λ2
)
. (32)
The maximization of this equation provides Λ = 2. In Fig. 6
we compare our analytical predictions with exact numerical
simulations. We obtain a very good agreement that confirms
Λ = 2 as the optimal parameter for the quantum dynamics.
It should be noticed that Λ = 2 is a special value in the
mean-field BJJ dynamics: for Λ = 2 the separatrix passing
through the point φ = pi and z = 2〈Jˆz〉/N = 0 reaches its
maximum extension passing the poles of the Bloch sphere,
φ = pi and z = 2〈Jˆz〉/N = ±1. In a sense, the mean-field
bifurcation attains its maximum criticality. For Λ > 2 the
mean-field dynamics features the onset of macroscopic self-
trapping [17, 18]. Interestingly, Λ = 2 has been also iden-
tified in Ref. [19] as the optimal condition for the dynam-
ical creation of maximally entangled states [on time scales
χt ≈ log(8N)/N that are much longer than those considered
here].
Finally, in Fig. 5 we compare ζ2opt and ξ
2
opt for the unsta-
ble fixed-point dynamics with the corresponding values for the
OAT. The two different dynamics are equivalent for very short
times. Yet, for sufficiently long times, when higher-order
terms in the Taylor expansion (27) become relevant, the gen-
eration of entanglement in the bosonic Josephson junction is
faster than in the OAT model. We can also notice that in both
models, for times longer than those discussed in this work,
there is a generation of states which are not spin-squeezed but
are recognized as entangled by the QFI.
7V. ENTANGLEMENT GENERATION AROUND φ = 0
For completeness and comparison, here we study the quan-
tum dynamics for a CSS
|pi/2, 0〉N =
(
aˆ† + bˆ†√
2
)N
|vac〉, (33)
polarized along the positive x-axis (i.e., the eigenstate of Jˆx
with maximum eigenvalue N/2). An analytical study of the
quantum dynamics close to the point φ ≈ 0 can be done sub-
stituting Eq. (4) with the Hamiltonian of a harmonic oscillator
of square frequency
ω20 = 1 + Λ
(
1 +
1
N
)
. (34)
The frequency ω20 is always positive testifying that close to
φ ≈ 0 we have an upward parabolic potential for every value
of Λ, see Fig. 1.
In Fig. 7 we show the Wigner distribution plotted at differ-
ent evolution time and Λ. For Λ . 1, the dynamics is periodic
and quite similar to the one observed in Fig. 2 for φ = pi at
same value of Λ. The main difference here is the occurrence
of squeezing of the initially isotropic distribution along the z-
axis. Comparing the two columns we can see that increasing
the value of Λ also the asymmetry of the Wigner distribution
increases and negative parts appear. We study the quantum
dynamics using the time-dependent wave function
Ψ(φ, t) = e−[a0(t)+ib0(t)]φ
2
, (35)
with parameters
a0(t) =
Nω20
2Λ α0
ω20
Λ2 + α
2
0 +
(
ω20
Λ2 − α20
)
cos(2ω0t)
+
N
4Λ
(36a)
b0(t) =
Nω0
4Λ
(
ω20
Λ2 − α20
)
sin(2ω0t)
ω20
Λ2 + α
2
0 +
(
ω20
Λ2 − α20
)
cos(2ω0t)
, (36b)
where α0 =
( 1+ω0(Λ0)
Λ0
− 1Λ
)
. We obtain
γzz =
1
2(1 + Λ)
(2 + Λ + Λ cos 2ω0t) , (37a)
γyy =
1
2
(2 + Λ− Λ cos 2ω0t) , (37b)
γyz = γzy =
Λ
2
√
1 + Λ
sin 2ω0t. (37c)
giving the elements of the covariance matrix (16), and
〈Jˆx〉
N/2
= 1 +
1
4N
Λ2
1 + Λ
(cos 2ω0t− 1) . (38)
These expressions agree with those reported in [27]. As in the
stable regime, nearby φ = pi we have non-zero values of the
non-diagonal terms of the covariance matrix γyz = γzy that
-1 0 1 2 3 
ω0t =
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ω0t =
π
4
ω0t =
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2
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4
Figure 7. (color online) Wigner distributions (normalized to one) of
the states obtained from the dynamical evolution of Eq. (33) in the
case Λ = 0.5 (left column) and Λ = N (right column). Different
rows correspond to different evolution times. Here N = 30.
varies in time telling us that ξ2opt and ζ
2
opt are minimized along
a direction in the y-z plane that varies during the evolution. In
Fig. 8 we show the oscillation of ζ2opt for different values
of Λ. In the regime Λ . 1, where ζ2opt and ξ2opt coincide, our
approximation matches the exact numerical points excellently.
The minima (in time) ζ2opt are obtained for 2ω0t = npi, with
n an integer number. The depth of these minima, at the zeroth
order in 1/N , is:
ξ2min ' ζ2min ∼
1
1 + Λ
. (39)
According to this prediction, the entanglement increases
with Λ. However, the approximations leading to Eq. (39) fail
for Λ 1. The lower panel of Fig. 8 shows ξ2opt and ζ2opt for
Λ = N . Our analytical results follow the dynamical regime
only for relatively short times t . pi/ω0. For longer times we
observe a net difference between the numerical ξ2opt and ζ
2
opt,
corresponding to the onset of a negative Wigner function, see
Fig. 7. In Fig. 9 we plot the minimum value (in time) of ξ2opt
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Figure 8. (color online) Exact numerical time evolutions of ζ2opt (red
dots) and ξ2opt (blue triangles) along the direction of maximal entan-
glement. The solid red line is the analytical result for ζ2opt. The two
panels are obtained for different values of Λ for N = 200 and the
initial state Eq. (33). The inset in the lower panel is a zoom of the
short time behaviour, the horizontal green line indicates the Heisen-
berg limit.
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Figure 9. (color online) Comparison between the minima (in time) of
ζ2opt (red dots) and ξ2opt (blue triangles) computed numerically and
the analytical prediction of Eq. (39) (black line).
and ζ2opt as a function of Λ/N . We can see that the prediction
of Eq. (39) fails when Λ becomes a significant fraction of the
number of particles.
Finally, it is interesting to compare the stable and unstable
dynamics for Λ & 1. A Taylor expansion of ζ20 ≡ ζ2opt for
Nχt 1 gives
ζ20 = 1−Nχt+
N2χ2t2
2
− N
3χ3t3
8
+
1
6
(Λ2 + Λ)Ω3t3
+
1
6
(Λ3 − Λ2)Ω4t4 +O(Nχt)5, (40)
where Ω . Nχ. A direct comparison with Eq. (27) shows that
all the terms in the Taylor expansion are equal except the sign
of the Λ2 factor in the third order term, which is positive in
Eq. (40) and negative in Eq. (27). For sufficiently short times,
ζ20 ≤ ζ2pi for any value of Λ. Hence, the unstable regime at
φ = pi leads to a faster generation of entanglement on short
time scales.
VI. COMPARISON TO OPTIMALLY CONTROLLED
EVOLUTION
Our results so far demonstrate that the unstable evolution at
φ = pi speeds-up the generation of entanglement in a bosonic
Josephson junction when compared to the one-axis-twisting
evolution (Ω = 0). This effect is strongest at the optimal
value Λ = 2. In this section we compute an optimal control
of the evolution under the BJJ Hamiltonian.
Hˆ = ~χcJˆ2n − ~ΩJˆm (41)
with adjustable parameters −1 ≤ c ≤ 1, Ω ≥ 0, and normal-
ized n,m ∈ R3, in order to have the fastest possible increase
of the quantum Fisher information. We consider the initial
state |ψ(0)〉 = |pi/2, pi〉N , introduced in Eq. (18). To iden-
tify a step-wise optimized dynamics, we discretize the time
evolution into steps of length δτ , and the state at t = kδτ is
obtained as
|ψ(kδτ)〉 = e−iHˆkδτ |ψ((k − 1)δτ)〉, (42)
where the Hˆk is chosen from the family Eq. (41) with param-
eters such that ζ2opt yields the minimal possible value for the
state |ψ(kδτ)〉.
The optimal time-independent Hamiltonian Hˆ for the gen-
eration of maximal amounts of useful entanglement after a
time t is obtained by performing the maximization (42) in
a single step of length δτ = t. Conversely, to allow for
arbitrary time-dependent control schemes, we let δτ → 0.
Fig. 10 compares the evolution of ζ2opt for the numerically
obtained optimal Hamiltonian (both time-dependent ζ2td and
time-independent ζ2ti) to the unstable dynamics [c = 1, Ω =
χN/2, n = z, and m = −x] and the one-axis-twisting evo-
lution [c = 1, Ω = 0, n = z]. These results confirm the op-
timality of the unstable evolution for fast entanglement gen-
eration at short times, as neither of the two optimal-control
schemes are able to produce larger amounts of entanglement
at short times. As we approach the time where ζ2pi attains its
minimal value, very small enhancements in the entanglement
production are achieved by the optimally controlled evolution
with a time-dependent Hamiltonian (see inset). This evolu-
tion involves heavily oscillating Hamiltonian parameters [39],
which renders an experimental implementation improbable.
9Figure 10. (color online) Comparison of optimally controlled BJJ
evolutions that maximize ζ2opt with the unstable dynamics ζ2pi and the
one-axis twisting evolution ζ2OAT. For the optimal time-independent
Hamiltonian, we propagate from |ψ(0)〉 to |ψ(t)〉 in a single step (42)
with an optimally chosen Hamiltonian from the family (41), produc-
ing ζ2ti. The optimally controlled evolution with a time-dependent
Hamiltonian is obtained by discretizing the evolution time into small
intervals and optimizing the Hamiltonian parameters before each
consecutive timestep, leading to ζ2td. At short times, the optimal
control schemes are unable to produce more entanglement than the
evolution from the unstable fixed point. At longer times, the time-
dependent scheme shows small enhancements (inset).
VII. SUMMARY AND CONCLUSIONS
To summarize, we have studied the generation of useful en-
tanglement for quantum metrology in the quantum dynamics
of a bosonic Josephson junction. The dynamics is character-
ized by particle-particle interaction and linear coupling. We
have discussed different dynamical regimes, depending of the
initial polarization of the coherent spin state and the value of
interaction-over-tunneling parameter Λ. The different regimes
are well understood within a mean-field approximation. An-
alytical results for the quantum Fisher information, valid for
relatively short times, lead us to two important results: i) the
dynamical generation of entanglement is fastest when the co-
herent spin state points along the negative x-axis and Λ = 2,
corresponding to maximum criticality in the mean-field un-
stable fixed point dynamics, and ii) in this regime, a direct
comparison with the one-axis twisting dynamics [2, 35] shows
that linear coupling accelerates the dynamical creation of en-
tanglement. Additional numerical analysis of optimal con-
trol schemes demonstrates the optimality of the evolution at
Λ = 2 for fast entanglement generation with bosonic Joseph-
son junctions. These findings help the understanding of recent
experimental results [23] and can find direct application as a
guideline to future experiments using an unstable dynamics to
create large-scale entanglement.
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Appendix A: Action of collective spin operators in the EQPM
In this Appendix we report how the actions of the spin operators on a general two-mode state can be expressed in terms of
differential operators acting on Ψ(φ, t) defined in (2).
Jˆx|ψ(t)〉 =
∫ pi
−pi
dφ
2pi
|φ〉
[
sinφ
∂
∂φ
+
(
N
2
+ 1
)
cosφ
]
Ψ(φ, t), (A1a)
Jˆy|ψ(t)〉 =
∫ pi
−pi
dφ
2pi
|φ〉
[
cosφ
∂
∂φ
−
(
N
2
+ 1
)
sinφ
]
Ψ(φ, t), (A1b)
Jˆz|ψ(t)〉 = i
∫ pi
−pi
dφ
2pi
|φ〉 ∂
∂φ
Ψ(φ, t). (A1c)
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From the above expressions we can obtain the action of second-order operators such that:
Jˆ2x |ψ(t)〉 =
∫ pi
−pi
dφ
2pi
|φ〉
[
sin2 φ
∂2
∂φ2
− N + 3
2
sin(2φ)
∂
∂φ
+
((
N
2
+ 1
)2
−
(
N
2
+ 2
))
cos2 φ+
(
N
2
− 1
)]
Ψ(φ, t)
(A2a)
Jˆ2y |ψ(t)〉 =
∫ pi
−pi
dφ
2pi
|φ〉
[
cos2 φ
∂2
∂φ2
− N + 3
2
sin(2φ)
∂
∂φ
+
((
N
2
+ 1
)2
+
(
N
2
+ 1
))
sin2 φ−
(
N
2
+ 1
)]
Ψ(φ, t),
(A2b)
Jˆ2z |ψ(t)〉 = −
∫ pi
−pi
dφ
2pi
|φ〉 ∂
2
∂φ2
Ψ(φ, t), (A2c)
{Jˆy, Jˆz}|ψ(t)〉 = i
∫ pi
−pi
dφ
2pi
|φ〉
[
2 cosφ
∂2
∂φ2
− (N + 3) sinφ ∂
∂φ
−
(
N
2
+ 1
)
cosφ
]
Ψ(φ, t). (A2d)
Appendix B: Gaussian approximation
The exact representation of the coherent states (18) and (33) in the EQPM is a Dirac delta, but for the calculation it is
convenient to express everything in terms of Gaussian wave functions. To do so we will not consider as initial state an eigenstate
of the Hamiltonian (1) with Λ = 0. We will instead initialize our EQPM dynamics with the Gaussian ground state of the
harmonic approximation of (4) with an initial interaction parameter Λ0 6= 0 and then, at the end of the calculations, take the
limit Λ0 → 0.
To compute ξ2opt and ζ
2
opt in Section II B we need the expectation values of Jˆ
2
z , Jˆ
2
y , {Jˆz, Jˆz} and Jˆx. These operators can
be expressed in the phase representation by equations (A1). In this Appendix we present the procedure we have used to obtain
analytical expressions for their expectation values.
Within our Gaussian approximation we have mapped the dynamics of the system into the well-known evolution of a Gaussian
packet into a parabolic potential. Thus we have to deal with wave functions of the form
Ψ(φ, t) = N e−(a(t)+ib(t))φ2 . (B1)
Now we are going to compute the normalization constant N :
N−1 =
∫ pi
−pi
∫ pi
−pi
Ψ(θ, t)∗Ψ(φ, t)〈θ|φ〉dθdφ =
∫ pi
−pi
∫ pi
−pi
e−(a(t)−ib(t))θ
2
e−(a(t)+ib(t))φ
2
cosN
(
θ − φ
2
)
dθdφ. (B2)
This integral it is not easy to evaluate, but it can be approximated as a Gaussian integral that can be easily calculated. This can
be done noticing that the second-order power series of cosN is equal to the one of a Gaussian of width 2/
√
N ,
cosN
(
θ − φ
2
)
= 1− N(θ − φ)
2
8
+O[(θ − φ)4] (B3a)
exp
(
−N(θ − φ)
2
8
)
= 1− N(θ − φ)
2
8
+O[(θ − φ)4]. (B3b)
Solving the generalized Gaussian integral we find
N−1 = 2pi√
4(a(t)2 + b(t)2) +Na(t)
. (B4)
We have seen that, given an operator Aˆ acting on a quantum state of the many-particle system |ψ〉, we can always reduce it to
a differential operator A˜ acting on the wave function ψ(φ, t). Thus the expectation value of Aˆ is obtained as
〈Aˆ〉 =
∫ pi
−pi
∫ pi
−pi
e−(a(t)−ib(t))θ
2
[
A˜e−(a(t)+ib(t))φ
2
]
cosN
(
θ − φ
2
)
dθdφ. (B5)
With the same procedure used for the normalization we can express (B5) in terms of Gaussian integrals. Thus, with these
considerations and the expressions (A1), we can find approximated analytical expressions for all the expectation values needed
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to compute ξ and χ:
〈Jˆx〉 = N
2
e−
8a(t)+N
8A
[
(A+ a(t)) cos(b(t)/A) + b(t) sin(b(t)/A)
A
]
; (B6a)
〈Jˆ2z 〉 =
N(a(t)2 + b(t)2)
A ; (B6b)
〈Jˆ2y 〉 =
N
8A2
{
(N + 1)A2 + a(t)NA− e−N+8a(t)2A [4b(t) (AN − B) sin(4b(t)/A)+ (B6c)
+
[
(4a(t)2 + 4b(t)2)(4a(t) + B −NA)− a(t)N2(A+ 2a(t)) + 4Nb(t)2] cos(4b(t)/A)]} ;
〈{Jˆy, Jˆz}〉 = N
2
e−
8a(t)+N
8A
A2
[−(4a(t)(a(t)2 + b(t)2) +Nb(t)2) cos(b(t)/A)+ (B6d)
+ b(t)(NA− B) sin(b(t)/A)] ;
where we have defined
A = 4[a(t)2 + b(t)2] + a(t)N, (B7a)
B = 4[a(t)2 + b(t)2]− a(t)N. (B7b)
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